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I. INTRODUCTION
Supersymmetric quantum mechanics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] has been widely used to create partner Hamiltonians for a given, exactly solvable, Hamiltonian that have at least part of the spectrum in common with the original. Typically there are one or more energy levels of the partner Hamiltonian below the ground state energy of the original Hamiltonian.
In this paper, following [19] , we consider multi-step rational extensions of the harmonic oscillator. The novel aspect of this paper is that we consider multi-step rational extensions of the truncated oscillator, confined to the half plane x ≥ 0, with the potential being infinite for x < 0. This potential has been considered by other authors [20, 21] , but not with multi-step rational extensions. Fernández C. et al. [22] considered the truncated oscillator with the same rational extension that we use. They constructed coherent states associated with linearized versions of the ladder operators we label L and L † in Section II below. In Section II, we review the construction of the partner Hamiltonian in the untruncated case and the construction of three types of ladder operator that connect the energy levels. Then we consider the truncated case, which eliminates all states with position wavefunctions even in x. We construct three types of ladder operator that connect the energy levels of the truncated system. We will find, below, that there is significant structure to the energy levels, such that some of the levels are singlets or doublets under the action of the various ladder operators. In every case there are also infinite dimensional representations of the polynomial Heisenberg algebras.
We note that the potential we are considering is singular, taking an infinite value for all x < 0. Other work has been done on potentials with singularities [23] .
In Section III we construct coherent states associated with the ladder operators we label (C,C † ). Coherent states are of widespread interest [18, [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] because they can, in some cases, be the quantum-mechanical states with the most classical behaviour. Then we systematically investigate properties of these coherent states, looking for classical or non-classical behaviour. We calculate the energy expectation as a function of |z|, where z is the generally complex coherent state parameter. We calculate position probability densities for a particular choice of parameters. A similar calculation is done for even and odd cat states. We plot the Wigner function, an accepted measure of classicality, for a particular choice of parameters. For our coherent state on one arm of a beamsplitter, we calculate the two excitation ("photon") number distribution and look for factorizability. We calculate the linear entropy of the output state as a measure of entanglement. We calculate the standard deviations in position and momentum over a range of z values to look for squeezing and to confirm the Heisenberg uncertainty principle. Lastly, we calculate the Mandel Q parameter for these coherent states as a function of |z| to characterize the number statistics.
In Section IV, we compare our results with those of Fernández C. et al. [22] . Conclusions follow in Section IV.
II. THEORY OF MULTI-STEP RATIONAL EXTENSIONS OF THE HARMONIC OSCILLATOR
A. The untruncated oscillator
We scale the harmonic oscillator Hamiltonian,
according to = 1, m = 1/2, ω = 2, to give the (1) Hamiltonian
with energy levels E
(1) ν = 2ν + 1 for ν = 0, 1, 2, . . . . The annihilation and creation operators are, respectively,
satisfying the Heisenberg algebra
We first present the k-step construction for the untruncated oscillator, for x on the entire real axis, following the results of [19] on Darboux-Crum (state adding) and Krein-Adler (state deleting) SUSY QM. The class of example chains we will consider in this paper is given by consecutive values of m :
with k even. We choose for the state adding case the following seed solutions
where
are the modified Hermite polynomials in terms of the standard Hermite polynomials H m (x) [35] . First we define
where W indicates the Wronskian determinant
The supercharges, A (i) , are given by
with
The product of these supercharges is
It is not the case here that 
We know the wavefunctions of H
(1)
with energies E
(1) ν = 2ν + 1, for ν = 0, 1, 2, . . . . The partner Hamiltonian wavefunctions can be written in terms of the seed solutions
where W(φ m1 , . . . ,φ mi , . . . , φ m k ) means φ mi is missing from the sequence. Here ψ (2) ν are the states obtained from ψ 
−mi−1 , are obtained via the constraint A † ψ = 0. Here A † is a k−th order differential operator and there is more than one zero mode.
The energy levels are E (2)
The other construction (state deleting) uses only the seed solutions {ψ k , ψ k+1 }, with the other states having been deleted.
We construct the supercharges and superpotentials in a similar way to what was done in the first construction, starting withQ
and
The partner Hamiltonian is again equal to H (2) as in Eq. (II.14), found by solving the intertwining relation
with an appropriate energy shift. The wavefunctions and energy levels are then the same as in the previous construction [19] . Two types of standard ladder operators can be generated,
The combination of both Darboux-Crum and Krein-Adler paths can be exploited to generate a different type of ladder operator, the type we will focus on in this paper,
We find that the commutators are
The zero modes of
and (L,L † ) are associated with the energies for which Q, P andP and Q(H (2) + 2m k + 2), P (H (2) + 2) andP (H (2) + 2) vanish. In this paper we will consider the untruncated and truncated oscillators and their supersymmetric partners for the particular choice
(II. 31) We find that the partner potential is
This is in full agreement with [36] , after noting that their Hamiltonians are one half of ours. The first (state adding) path uses
(II.33)
The second (state deleting) path uses
We can form the C, L andL ladder operators from
Then C † , L † andL † are just the respective Hermitian conjugates. For {l 1 , l 2 , l 3 } = {C, L,L}, the polynomial Heisenberg algebras that they satisfy take the forms for our particular model 37) and
4 , ψ Table I . Zero modes of the six ladder operators for the untruncated system. In Figure 1 we show the physical states and the actions of the three types of ladder operator for the untruncated case we are considering. We note that (L, L † ) and (L,L † ) have finite-dimensional as well as infinite-dimension representations of their respective polynomial Heisenberg algebras, while (C, C † ) have only infinite-dimensional representations.
B. The truncated oscillator
The truncated oscillator has Hamiltoniañ
In this case only the odd states from the previous derivation (Section II. A) are the physical states with wavefunctions satisfying the boundary condition of vanishing at the origin. To obtain the truncated supersymmetric partner we also select the physical states which satisfy the boundary condition. SUSY QM might only be formal if the boundary condition of the Hamiltonian and superpartner are not the same.
The physical state wavefunctions ofH (1) arẽ 
with the ψ
ν wavefunctions given by Eq. (II.16). The ladder operators C † and C change the index by ±6, respectively, an even number, so they transform odd states into odd states and even states into even states. Thus they split the state space into two distinct, irreducible representations. Hence the ladder operatorsC andC † for the truncated oscillator can be taken as C and C † , respectively, restricted to the odd subspace.
The ladder operators L † , L,L † andL change the index by ±1, mixing odd states and even states. Thus we construct new lowering operators for the truncated oscillator that change the index by −2:
with the raising operators given by the Hermitian conjugates, which change the index by +2. The polynomial Heisenberg algebras take the forms
In these expressions
The zero modes are shown in Table 2 .
In Figure 2 we show the physical states and the actions of the three types of ladder operator for the truncated case we are considering. We see that only the ladder operators (C,C † ) have only infinite-dimensional representations.
III. CONSTRUCTION AND PROPERTIES OF COHERENT STATES
We construct the coherent states associated with the ladder operators (C,C † ) for the particular case of lowest weight µ = 5.
Ladder operator
Zero modes Using similar results from [37] , the coherent states with the Barut-Girardello definition [28] as eigenvectors of the lowering operator with generally complex eigenvalues,
are given by and
A. Energy expectation
We first calculate the energy expectation as a function of |z| for this coherent state. This is
The denominators grow very rapidly:
We take the sum to k = 6 with negligible remainder. As a consequence, F (5) (z) and E (5) (z) grow very slowly for low values of |z|. We find the following profile up to |z| = 10 5 , as shown in Fig. 3 . Fernández C. et al. [22] did not calculate the energy expectation.
B. Position probability densities
According to Marquette and Quesne [19] , the unnormalized wavefunctions are
We need to calculate
(for normalization on the half line) and then form the normalized wavefunctions
Then the probability density for the coherent state is
For |z| ≤ 10 5 , we can take the sum to k = 11. The density plot over one period is shown in Figure 4 . We see considerable structure, with individual wavepackets diminishing and reforming. 
C. Even and odd cat states
The distinguishability measure in this case is
This function is plotted in Figure 5 . We see that the distinguishability falls to zero as |z| → ∞, but there are also two other zeros at finite values of |z|. We form the cat states (approximately normalized)
and plot their time-dependent probability densities for z = 10 5 (to ensure distinguishability) in Figure 6 . (Again, we take the sum over k to k = 11.) Here, too, we see a great deal of structure.
D. Wigner function
We use the formula for the Wigner function [37] W (x, p; z,
(III.14) with
x > 0, 0
in this truncated case. The integrand can only be nonzero for x − y > 0 and x + y > 0. This gives −x < y < x for positive x and no region of nonzero integrand for negative x.
For z = 500, we assume the k 1 = k 2 = 0 contribution is sufficient because of the rapid decrease with k of the coefficients α (5) k (500). We find the Wigner function displayed in Figure 7 , vanishing for negative x. Closer inspection shows only small areas of small negative Wigner function (W (1.9, 0.8; 500, 5) = −0.036), which may disappear if we improve our approximation. We conclude that there is no clear signature of non-classical behaviour. Figure 8 . Two-photon-number probability density for (a) the harmonic oscillator case with z = 3.5 and (b) the case µ = 5 with z = 10
5 .
E. Coherent state on a beamsplitter
For our coherent state placed on one arm of a beamsplitter, the probability of measuring n 1 "photons" in the first output arm and n 2 "photons" in the second output arm is [37] 
Clearly this does not factorize, as seen by the presence of functions of n 1 + n 2 . We plot this in Figure 8 compared to the harmonic oscillator case.
The linear entropy for our coherent state on a beamsplitter will be (see [37] )
We take the sums to κ = 10 and r 1 = r 2 = 10.
We plot the linear entropy to |z| = 10 5 in Figure 9 . We see that it remains small, indicating a low degree of entanglement. 
F. Heisenberg uncertainty principle
We use results from [37] (with α k = α
all integrated only on the right half-plane. With the range of |z| considered, we may cut off the sums at k 1 = k 2 = 6 with negligible error. Once these expectations are calculated, we use
The functions σ x (z) and σ p (z) and their product are plotted in Figure 10 for real values of z. We see no squeezing in this regime, as the standard deviations remain larger than 1/ √ 2. The product σ x σ p remains greater than 1/2.
G. Number statistics: Mandel Q parameter
As in [37] , we define a number of excitations operator by The Mandel Q parameter, defined by
is zero for Poissonian statistics, positive for super-Poissonian statistics and negative for sub-Poissonian statistics. We calculate the expectations by
The results are plotted in Figure 11 , showing Poissonian statistics only for z = 0 and sub-Poissonian statistics for greater values of |z|.
IV. COMPARISON WITH OTHER WORK
Fernández C. et al. [22] considered the same 4-step construction, with the choices in Eq. (II.31), that we have used in this paper. They constructed coherent states for linear ladder operators defined by
when acting only on the part of the spectrum isospectral with the truncated harmonic oscillator. Since they lower or raise the index by 2, they can be considered linearized versions of our ladder operatorsL andL † , respectively. These authors use the displacement operator to define their coherent states, but since the structure is just that of the harmonic oscillator, this gives the same result as the Barut-Girardello definition [28] . Of course it is the fact that the position wavefunctions differ from those of the harmonic oscillator that leads to new and interesting results.
These authors find squeezing in p, whereas we found no squeezing for real z. For their coherent state on one arm of a beamsplitter, they found a linear entropy that was largely flat as a function of |z|, with values close to 0.5, whereas we found a function at first decreasing, then flat, close to 0.2 asymptotically. Thus the degree of entanglement was low for both cases. Our variation was over a much larger scale of |z|, understood from the presence of large denominators, as explained for energy expectations in Section III A.
Two coherent states of completely different construction, as we have here, are not expected to have similar physical properties at equal z values. Instead, the energy expectation allows a more meaningful comparison. The energy expectation for the coherent states constructed by Fernández C. et al. [22] would be E F (|z|) = 3 + 2|z| 2 .
They consider |z| values as large as 3, giving a maximum energy of 21. This, from Figure 3 , is comparable to the energies we were considering. We did not expect close agreement with Fernández C. et al. [22] , as the structure of the coherent states differed (our ladder operators change the index by 6 rather than 2) and the coefficients in the superpositions are distinctly different.
V. CONCLUSIONS
We constructed the coherent states that are eigenvectors of theC ladder operator with complex eigenvalue z and lowest weight µ = 5.
The energy expectation was found to vary slowly with |z|. Thus we chose to consider coherent states for the other tests with z values sufficiently large to make the energy expectation sufficiently different from the ground state energy. We plotted the time-dependent position probability density over one period for z = 10 5 and found a great deal of structure. Such was also the case for the even and odd cat state densities.
The Wigner function for z = 500 displayed a great deal of structure and showed no definitive regions of negative value. So we could not claim to have seen the signature of nonclassical behaviour.
For the coherent states on one arm of a beamsplitter, the two "photon" probability distribution was seen to not factorize and was plotted for z = 10 5 . The linear entropy was found to be significantly low compared to unity up to z = 10 5 , indicating a low degree of entanglement. Calculation of the standard deviations in position and momentum for real z with |z| ≤ 20 000 showed no squeezing. The Heisenberg uncertainty principle was satisfied as a check on our calculations.
Calculation of the Mandel Q parameter showed the number statistics of our coherent states to be sub-Poissonian up to z = 10 5 , Poissonian only for z = 0. We conclude that the majority of these indicators suggested non-classical behaviour for these coherent states. We compared our results with those of Fernández C. et al. [22] for the same basis states and position wavefunctions but quite different coherent states. As expected, our results differed from theirs.
